In this paper, we introduce several types of viscosity approximation methods for nonexpansive nonself-mappings in certain Banach spaces. Using new analysis techniques, we prove several strong convergence theorems for nonexpansive nonself-mappings in certain Banach spaces without boundary conditions. MSC: 47H05; 47H09; 47H10
Introduction
Let C be a nonempty closed convex subset of a real Banach space E and let T be a nonexpansive mapping defined on C, that is, Tx -Ty ≤ x -y for all x, y ∈ C. Denote by Fix(T) the set of fixed points of T; that is, Fix(T) = {x ∈ C : Tx = x}.
In general, the domain of T is a proper subset of E. In this case, some iterative algorithms associated with T may not be well defined. Therefore, it is interesting to find some conditions under which the algorithms considered are well defined.
Recently, the problem of approximating fixed points for nonexpansive nonself-mappings has been paid much attention to by many authors, see [-] . Moreover, in [], Song and Chen introduced two iterative methods (one is implicit and the other is explicit) and established the strong convergence of such two methods in certain Banach spaces, if T satisfies the weakly inward condition and Fix(T) = ∅. Further, in [], Matsushita and Takahashi introduced a new condition (.). They proved the following. (i) If T satisfies the weakly inward condition, then T satisfies the condition (.). (ii) If E is a strictly convex Banach space, T : C → E is a nonexpansive mapping such that Fix(T) = ∅ and C is a sunny nonexpansive retract of E, then T satisfies the condition (.). (iii) If T satisfies the condition (.), then Fix(T) = Fix(QT), where Q is a sunny nonexpansive retraction from E onto C. Using these results, they proved two strong convergence theorems for nonexpansive nonself-mappings in certain Banach spaces without any boundary conditions.
We remark in the passing that the convergence theorems of Song and Chen [] are not applicable to l p and L p for any p ∈ (, ) ∪ (, ∞). Although the convergence theorems of 
Preliminaries
Let E be a real Banach space and let E * be the dual of E. Denote by ·, · the duality product.
A Banach space E is said to be strictly convex if x+y  <  for all x, y ∈ E with x = y =  and x = y. It is also said to be uniformly convex if lim x→∞ x n -y n =  for any two sequences {x n }, {y n } in E such that x n = y n =  and lim x→∞ x n + y n = . Let U = {x ∈ E : x = } be the unit sphere of E. The norm of E is said to be Gâteaux differentiable if the limit
exists for each x, y ∈ U. Such an E is called a smooth Banach space. The norm of a Banach space E is said to be uniformly Gâteaux differentiable if for each y in U, the limit of (.) is attained uniformly for x in U. The norm of E is said to be Fréchet differentiable if for each x ∈ U, the limit of (.) is attained uniformly for y ∈ U. The norm of E is also said to be uniformly Fréchet differentiable if the limit of (.) is attained uniformly for x, y ∈ U. In this case, E is called a uniformly smooth Banach space. The normalized duality mapping J from E into  E * is defined by
for each x ∈ E. The duality mapping J has the following basic properties; see [, ] for details. Recall that a mapping T : C → E is said to satisfy the weakly inward condition [, ] if Tx ∈ cl I C (x) for all x ∈ C, where
and cl I C (x) denotes the closure of the set I C (x).
is also convex and
(iv) if both f : C → E and g : C → E satisfy the weakly inward condition, then so does a convex combination of f and g.
Let D be a subset of C and let Q be a mapping from C to D. Then Q is said to be sunny if 
Let Q be a sunny nonexpansive retraction from E to C. Define a set
for all x ∈ C, where S C x denotes the complementary set of S x . If E is a Hilbert space, then the MT condition is equivalent to the nowhere-normal outward condition introduced by Matsushita and Kuroiwa [] .
Matsushita and Takahashi [] proved the following interesting results.
Proposition . Let C be a closed convex subset of a smooth Banach space E and let T be a mapping from C into E. Suppose that C is a sunny nonexpansive retract of E. If T satisfies the weakly inward condition, then T satisfies the MT condition.
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Proposition . Let C be a closed convex subset of a strictly convex Banach space E and let T be a mapping from C into E. Suppose that C is a sunny nonexpansive retract of E. If Fix(T) = ∅, then T satisfies the MT condition.

Proposition . Let C be a closed convex subset of a smooth Banach space E and let T be a mapping form C into E. Suppose that C is a sunny nonexpansive retract of E. If T satisfies the MT condition, then
where Q is the unique sunny nonexpansive retraction from E onto C.
By a careful observation, we have the following more rich and nice result.
Lemma . Let C be a closed convex subset of smooth Banach space E and let T be a mapping form C into E. Suppose that C is a sunny nonexpansive retract of E. If T satisfies the MT condition, then
where Q is the unique sunny nonexpansive retraction form E onto C.
Proof The first '=' follows from Proposition .. Now we prove that second '=' holds. Assume that x = TQx; then Qx = (QT)(Qx), which shows that Qx ∈ Fix(QT). In view of Proposition ., Fix(QT) = Fix(T), thus, we get x = TQx = Qx, which turns out that x = Tx. The converse inclusion relation that 'Fix(T) ⊂ Fix(TQ)' is obvious, consequently, Fix(T) = Fix(TQ). The proof is completed.
Remark . The fact that Fix(T) = Fix(TQ) is very important. By virtue of this fact, we can invent and create some novel argument methods for strong convergence of the some kinds of iterative algorithms.
Let (X, d) be a metric space and C a subset of X. Recall that a mapping :
In [], Meir and Keeler proved the following interesting fixed point theorem.
Theorem MK Let (X, d) be a complete metric space and let be a MKC on X. Then has a unique fixed point in X.
Remark . If C is a nonempty closed (convex) subset of a complete metric space (X, d), then the conclusion of Theorem MK is still true. http://www.fixedpointtheoryandapplications.com/content/2014/1/61
The following results can be found in [] .
Proposition . Let E be a Banach space C a convex subset of E, and :
for all x, y ∈ C with x -y ≥ ε.
Proposition . Let C be a nonempty convex subset of a Banach space E, T : C → C a nonexpansive mapping and : C → C a MKC. Then (i) T and T : C → C are all Meir-Keeler contractions;
(ii) ∀t ∈ (, ), define a mapping T t : C → C by
Remark . When is not a self-mapping, then conclusion of (i) is still true, provided that T or T is well defined. The conclusion of (ii) holds true for nonself-mappings T and .
Proposition . Let C be a nonempty closed convex subset of a reflexive and strictly convex
Banach space E, whose norm is uniformly Gâteaux differentiable. Let T : C → C be a nonexpansive mapping with Fix(T) = ∅ and : C → C a MKC. Then the following statements are true: (i) ∀t ∈ (, ], there exists a unique continuous path {x t } such that
further, as t → , {x t } converges strongly to a fixed point z of T, which solves the following variational inequality:
(ii) for arbitrary initial data x  ∈ C, a sequence {x n } is generated by
where {α n } is a real sequence satisfying conditions:
. Then {x n } converges strongly to the same point z as in (i).
Let C be a nonempty closed convex subset of a Banach space E, : C → E a MKC and T : C → E a nonexpansive mapping. Let Q be a sunny nonexpansive retraction form E onto C. For each t ∈ (, ), the mapping t + ( -t)T is a MKC by Proposition .(ii), and http://www.fixedpointtheoryandapplications.com/content/2014/1/61 hence the mapping Q[t + ( -t)T] is a MKC by Proposition .(i). Then the fixed point Theorem MK ensures that for each t ∈ (, ), there exists a unique element x t ∈ C such that
which inspires us to consider the following discrete iterative sequence {x n }:
where {α n } is a real sequence that satisfies certain conditions. We also consider a variant of (.):
where {α n } is a real sequence that satisfies less restriction. We shall prove that the path defined by (.) and the sequences defined by (.) and (.), respectively, converge strongly to a fixed point of T which solves variational inequality (VI). In order to achieve the objective above, we cite the following known results; see [] .
Proposition . Let E be a Banach space, {x n } and {y n } two bounded sequences in E that satisfy the relation:
where {λ n } is a real sequence satisfying  < lim n λ n ≤ lim n λ n < . Then x n -y n →  (n → ∞).
Proposition . Let {a n } be a nonnegative real sequence that satisfies inequality:
where {t n } is a real sequence in (, ) satisfying conditions (i) t n →  and (ii) ∞ n= t n = ∞. Then a n →  (n → ∞).
Main results
Theorem . Let C be a nonempty closed convex subset of a reflexive and strictly convex Banach space E whose norm is uniformly Gâteaux differentiable. Let T : C → E be a nonexpansive mapping with Fix(T) = ∅ and : C → E a MKC. Suppose also that C is a sunny nonexpansive retract of E and let Q be the unique sunny nonexpansive retraction from E onto C. Then the path {x t } defined by (.) converges strongly to z which solves the variational inequality
(VI) (I -)z, j(y -z) ≥ , ∀y ∈ Fix(T),
equivalently, z = Q Fix(T) (z), where Q Fix(T) : E → Fix(T) is the unique sunny nonexpansive retraction from E onto Fix(T). http://www.fixedpointtheoryandapplications.com/content/2014/1/61
Proof Set y t = t (x t ) + ( -t)T(x t ). Then (.) reduces to x t = Qy t and y t = t( Q)y t + ( -t)(TQ)y t . (  .  )
Write f = Q and V = TQ. Then (.) reduces to
In view of Proposition .(i), we know that f : E → E is a MKC on E and V : E → E is a nonexpansive mapping on E. From Proposition .(i), we conclude that {y t } converges strongly to a fixed point z of (TQ), which solves the variational inequality:
It follows from Proposition . that T satisfies the MT condition. By virtue of Lemma ., we have Fix(TQ) = Fix(T), which implies that z ∈ C and hence Qz = z, which gives
Consequently, y t → z ∈ Fix(T), and x t → z which solves the variational inequality (VI)
which is equivalent to z = Q Fix(T) (z) by Proposition ..
Theorem . Let C be a nonempty closed convex subset of a reflexive and strictly convex Banach space E, whose norm is uniformly Gâteaux differentiable. Let T : C → E be a nonexpansive mapping with Fix(T) = ∅ and : C → E a MKC. Suppose also that C is a sunny nonexpansive retract of E and let Q be the unique sunny nonexpansive retraction from E onto C. Let {α n } be a real sequence satisfying conditions (C), (C), and (C)
given in Proposition .. Then the sequence {x n } defined by (.) converges strongly to z which solves the variational inequality (VI)
Proof Set y n = α n (x n ) + ( -α n )T(x n ). Then (.) reduces to x n+ = Qy n and
Write β n = α n+ , g = Q and U = TQ. Then (.) reduces to
In view of Proposition .(i), g : E → E is a MKC on E and U : E → E is a nonexpansive mapping on E. Obviously, {β n } satisfies the conditions (i) β n → ; (ii) ∞ n= β n = ∞; and http://www.fixedpointtheoryandapplications.com/content/2014/1/61
. By Proposition .(ii), we conclude that {y n } converges strongly a fixed point of z of U = TQ, which solves the variational inequality:
In view of Lemma ., we know that z = TQz = Tz, which implies that z ∈ C and hence Qz = z, which yields g(z) = (z).
Consequently, {y n }, and hence {x n }, converges strongly to z ∈ Fix(T) which solves the variational inequality (VI):
The proof is completed. In order to establish the strong convergence of (.), we first consider a special case of (.):
Theorem . Let C be a nonempty closed convex subset of a reflexive and strictly convex Banach space E, whose norm is uniformly Gâteaux differentiable. Let T : C → E be a nonexpansive mapping with Fix(T) = ∅. Suppose also that C is a sunny nonexpansive retract of E and let Q be the unique sunny nonexpansive retraction from E onto C. Let {α n } be a sequence satisfying conditions (C) α n →  and (C) ∞ n= α n = ∞. Then the sequence {x n } defined by (.) converges strongly to a fixed point z of T , which solves the following variational inequality:
Proof We split the proof into four steps.
Step . {x n } is bounded. Indeed, set y n = Q[α n u + ( -α n )T(x n )], and take a fixed point p ∈ Fix(T). Then we have
for all n ≥ , hence {x n } is bounded, so is {Tx n }. http://www.fixedpointtheoryandapplications.com/content/2014/1/61
Step . x n -y n →  (n → ∞).
Observe that
By virtue of Proposition ., we claim that x n -y n →  (n → ∞).
Step . lim n u-z, j(x n -z) ≤ , where z = Q Fix(T) u, and Q Fix(T) : C → Fix(T) is the unique sunny nonexpansive retraction from C onto Fix(T), which is guaranteed by Theorem ..
Notice that
and x n -y n → , we have
For t ∈ (, ), let {x t } be the path defined by
Since QT : C → C is a nonexpansive self-mapping, using Theorem  of Morales and Jung [], we see that {x t } converges strongly to z ∈ Fix(QT) = Fix(T) by Lemma . as t → , where z = Q Fix(T) u. Using Lemma . of Song et al. [], we conclude that
Step . x n → z (n → ∞). By using the definition of {y n } and Proposition .(), we have
from which one derives
By virtue of (.), (.), and the convexity of ·  , we have
where
It is easily to see that σ n ≥  and σ n →  (n → ∞) in view of step . Now we shall show that e n = o(α n ). Indeed, from step , we know that {x n -z} and {y n -z} are bounded. By step ,
and hence e n = o(α n ). Consequently, (.) reduces to
where {t n } satisfies condition (i) t n → ; and (ii) ∞ n= t n = ∞. By Proposition ., we conclude that a n →  (n → ∞), i.e., x n → z (n → ∞). This completes the proof. Now we prove the strong convergence of (.).
Theorem . Let E be a real reflexive and strictly convex Banach space whose norm is uniformly Gâteaux differentiable, let C be a nonempty closed convex subset of E, let T be a nonexpansive mapping from C into E with Fix(T) = ∅ and let : C → C be a MKC. Suppose that C is a sunny nonexpansive retract of E. Let {α n } be a real sequence such that  ≤ α n ≤ , α n →  and ∞ n= α n = ∞. Let λ ∈ (, ) and x  ∈ C. Suppose that {x n } is given by (.). Then {x n } converges strongly to z ∈ Fix(T) which solves the variational inequality (VI):
Proof By Proposition .(i), we know that Q Fix(T) : C → C is a MKC on C. It follows from Theorem MK, Q Fix(T) has a unique fixed point z in C, i.e., z = Q Fix(T) (z).
Let y  ∈ C and define a sequence {y n } by
From Theorem ., we assert that
where z ∈ Fix(T) which solves the variational inequality (VI):
We shall prove that x n -y n →  as n → ∞.
Assume that a = lim n x n -y n > ; then ∀ε > , ε < a, we can choose η >  such that
For above ε > , using Proposition ., we know that there exists γ ∈ (, ) such that
for all x, y ∈ C with x -y ≥ ε, which implies that
for all x, y ∈ C. Since y n → z as n → ∞, we see that there exists some n  ≥  such that
for all n ≥ n  . We now consider two possible cases. Case . There exists some ν  ≥ n  such that 
Similarly, we have
By induction, we have
for all m ≥ , which implies that lim n x n -y n ≤ ε + η, which contradicts with (.). Consequently, x n -y n → , and hence x n → z ∈ Fix(T) which solves the variational inequality (VI). Case . x n -y n > ε + η for all n ≥ v  . We shall prove that case  is impossible. Suppose case  holds true. By (.), we have x n -y n ≤ γ x n -y n (.) for all n ≥ v  . By using (.), (.), and (.), we have x n+ -y n+ ≤ λ x n -y n + ( -λ) α n x n -z + ( -α n ) x n -y n ≤  -( -λ)α n x n -y n + ( -λ)α n x n -y n + ( -λ)α n y n -z ≤  -( -γ )( -λ)α n x n -y n + o(α n ), from which one derives x n -y n → , in view of Proposition ., and hence  ≥ ε + η, a contradiction, thus, case  is impossible. The proof is completed.
Remark . We do not know whether the conclusion of Theorem . holds true when : C → E is a nonself-MKC. However, in the case where E is a Hilbert space, it is true.
